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Abstract—The present work is concerned with a numerical study on laminar mixed convection flow and
heat transfer in the entrance region of rotating isothermal rectangular ducts. The emphasis is placed on
the rotational effects, including both the Coriolis force and centrifugal buoyancy, on non-isothermal flow
and related heat transfer. The numerical results are presented for air flow in rectangular ducts over a wide
range of the parameters. By examining the local field-solutions, the mechanisms for influences of Coriolis
and centrifugal buoyancy forces can be addressed in detail. The results reveal that the variations of the
local friction factor and heat transfer rate are closely related to the emergence, disappearance, growth, and
decay of the rotation-induced secondary vortices. The friction factor and heat transfer rate can be enhanced
by Coriolis effect. The predictions also demonstrate that the centrifugal buoyancy presents remarkable
effects on the axial evolution of secondary vortices and, therefore, on the flow and heat transfer charac-
teristics in a radially rotating duct. The buoyancy effects are different on the trailing, leading and side
walls ; and the rotational effects can be altered with the change in cross-sectional aspect-ratio.

INTRODUCTION

Rotating coolant passages are used extensively in
rotary machinery as a cooling device for protection of
the elements exposed in a high temperature environ-
ment, e.g. rotor blades in a turbo-engine. Radially
rotating channels are most commonly used where flow
and heat transfer mechanisms are very complicated
due to the presence of Coriolis-induced secondary
flow and rotation-induced buoyancy effects. The for-
mer enhances the heat exchange between channel
walls and the coolant, and thus is beneficial in cooling
efficiency. However, the latter provides an adverse or
advantageous effect on heat transfer depending on the
heating conditions and the direction of coolant flow.
A vast amount of studies, both theoretical and
experimental, exist in the literature for flow and heat
transfer characteristics in rotating channels, as is evi-
dent in the monograph [1] and recent studies [2, 3].
Only those relevant to the present work are briefly
reviewed here. The effects of the Coriolis force on the
flow structure in unheated ducts have been examined
in a number of the carlier investigations, e.g. the theor-
etical and experimental works [4-10]. These inves-
tigators have documented the presence of secondary
flow due to the Coriolis-induced force. Studies on
forced convection heat transfer in rotating ducts have
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also been carried out [11-18]. Recently, developing
forced convection in the entrance region of rotating
semiporous-walled ducts [19] has been investigated.
In the above studies, the buoyancy effects induced by
the centrifugal force were all ignored.

After the advocation of the centrifugal buoyancy
effect in radially rotating channels by Morris and
Ayhan [20], many investigators have devoted study
towards the effects of the centrifugal buoyancy.
Theoretically, a perturbation analysis was performed
by Siegel [21] to investigate the rotation-induced
buoyancy effect on fully-developed flow and heat
transfer in a rotating pipe. Soong and Hwang [22, 23]
performed similarity analyses on the mixed convection
inrotating flat-channel with/without transpiration. As
for the experimental studies, Morris and Ayhan’s
works [20, 24] provided experimental evidence about
the significance of rotation-induced buoyancy effects.
For the triangular duct, Clifford et al. [25] measured
the heat transfer performance. The buoyancy effects
on both radially outward and inward main flows were
considered in some investigations [26-30]. Soong et
al. [31], by changing the wall-heating temperature,
explored the centrifugal buoyancy in a square duct
for wvarious through-flow Reynolds numbers.
Recently, Han and Zhang [3] studied effect of uneven
wall-temperature on local heat transfer.
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NOMENCLATURE
ab width and height of a rectangular u,v,w  velocity components in x, y and z
duct, respectively [m] directions, respectively [m s™']
D, equivalent hydraulic diameter, U,V,W dimensionless velocity components
2ab/(a+b) = 2a/(1+7v) in X, Y and Z directions, respectively
f friction factor, 2%,/(pW?) X, Y52 rectangular coordinate [m]
fRe peripherally averaged friction X,Y,Z dimensionless rectangular
parameter coordinate, X = x/D,, Y = y/D,,
(fRe), local average of f Re Z=7z/D,
Grq rotational Grashof number, AW dimensionless and dimensional
(Q*D)B(T, — Ty) D} |v? distance from rotational axis to inlet,
h peripherally averaged heat transfer respectively.
coefficient [W m~2°C~1]
h, locally averaged heat transfer Greek symbols
coefficient [W m~2°C~] o thermal diffusivity {m*s~']
L duct length B coefficient of thermal expansion
m mth iteration Y aspect-ratio of the rectangular duct,
n dimensionless direction coordinate alb
normal to the duct wall 6 dimensionless temperature,
Nu peripherally averaged Nusselt (T-TH/T,—Ty)
number, AD /k v kinematic viscosity [m? s ']
Nu, local average of Nu, h D jk 14 dimensionless vorticity in axial
P perturbation term about the mean direction
pressure P p density [kg m~3]
P p dimensionless and dimensional Tw wall shear stress [kPa]
cross-sectional mean pressure Q angular velocity of rotation {s'].
DPm pressure departure from the
reference state [kPa] Subscripts
Pr Prandtl number, v/a b bulk fluid quantity
Re Reynolds number, wD, /v o condition at inlet
Reg rotational Reynolds number, w value at wall.
QD v
Ro rotation number, QD /w Superscript
T temperature [°C] - averaged value.

However, due to different test models, conditions,
and measurement techniques, there are noticeable
inconsistencies between the data by various groups.
Furthermore, for sufficiently high rotation rates, the
rotating models in laboratory work have to be small
in size, for which the difficulty in detailed flow
measurement is inevitable, In this situation, numerical
simulation can play a complementary role and provide
the details of the local flow characteristics. Recently,
developing laminar flow and heat transfer through
rotating channels were studied extensively by using
the finite-difference method [32, 33], whereas the
buoyancy effect was not discussed in detail. For a
turbulent through-flow, Prakash and Zerkle [34] stud-
ied the heat transfer performance with consideration
of density variation (or buoyancy effects) ; however,
the local flow development and the evolution of the
secondary vortices were not emphasized. Strictly
speaking, a discussion on mixed convection in radially
rotating rectangular ducts in a view of detailed local
flow solutions has not been reported yet.

In practical applications, the rectangular ducts are

more appropriate than triangular or circular ducts for
the central portion of the cooling passage in the tur-
bine blade, and the flow typically remains developing
for almost the full length of the duct. Additionally, in
radially rotating systems, rotation-induced buoyancy
effects could be significant and should be considered.
Detailed flow structure and heat transfer mechanisms
under the influences of Coriolis and centrifugal buoy-
ancy effects are of academic interest, while the friction
factors and heat transfer rates are of importance in
practical applications. These reasons motivate the
present study which treats the flow and thermal charac-
teristics in radially oriented rotating rectangular ducts
with consideration of the rotation-induced buoyancy
effects. A numerical procedure is developed to solve
the vorticity—velocity formulation of the parabolic—
elliptic governing equations for the present three-
dimensional developing mixed convection problem.

ANALYSIS

Consider the coolant air flows through an iso-
thermally-heated radially rotating rectangular duct as
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Axis of Rotation
Fig. 1. Schematic diagram of the physical system.

shown in Fig. 1. The cartesian coordinate Oxyz is
fixed on the inlet and rotates with the duct. The u,v
and w are the velocity components in the x,y and z
directions, respectively. A uniform axial velocity w
and constant inlet temperature 7, are imposed at
the entrance z = 0. The distance between the inlet
plane and the rotating axis is denoted by z,. To faci-
litate the analysis, the flow is assumed to be steady,
laminar, and of constant properties, and the stress
work effects are ignored. Gravitational force is
neglected for its small magnitude compared to the
rotation-induced centrifugal force. The Boussinesq
approximation and a linear density—temperature
relation, p = po[l —B(T—Ty)] with p, as the density
evaluated at the reference temperature T, are invoked
for the consideration of centrifugal-buoyancy.

Vorticity-velocity formulation

The pressure gradient and centrifugal force terms
in the x- and z-directions are —3dp/dx+ pQ’x and
—0p[0z+ pQ¥(zo+z), respectively. By defining a pres-
sure function p,, and p,, = p— p,, where p, denotes the
flow pressure at the inlet, and rearranging the pressure
and centrifugal force terms, one has:

—0p/0x+pQPx = —0py[0x— pB(T—To)Q*x
—0ploz-+ pQ* (2o + 2)
= —0pm/0z—pB(T—To)Q*(z+2,). (lb)

For convenience in implementing the axial
marching integration, the pressure function p,, (x,y,z)
is split into a cross-sectional average p(z) driving the
main flow and a perturbation portion p’(x, y) driving
the cross stream flow, viz.

P =P2)+p'(x, ). @

Together with the assumptions of negligibly small
axial momentum and heat diffusion, this ‘pressure
uncoupling’ follows the parabolic-flow practice and
permits a marching-integration procedure [17, 35].

Considering the above pressure splitting and per-
form a proper scaling procedure, the dimensionless
form of the continuity, momentum and energy equa-
tions can be written as

(1a)

dU/dX+8V|dY+3W/dZ = 0 3)
UdU/oX+V aUdY + W aU/0Z+2Ro W
= —0P'|0X ~Gro/Re? 0X
+(PPU[OX* +0*UJdY?)/Re (4)
UoV/oX+VoVIoY+Wav/oZ
= —OP[OY+(*V/OX?+ 3 V/3Y?)/Re  (5)
UoW/oX+VOW/aY+ W aw|oZ
= —dP/dZ— (Gro/Re)0(Zo + Z)
+(O*W|OX? +3*W[6Y?)/Re+2Ro U  (6)
UdbjoX+ V 86/0Y + W 30/0Z
= (0%0/0X* +8%6/0Y?)/(PrRe). (7)

By performing the cross-differentiation of equa-
tions (4) and (5) to eliminate the pressure terms,
and using a dimensionless axial vorticity function,
& = 0U/0Y —dV/dX, one has the axial vorticity trans-
port equation :

Ud/oX + V OE/OY + W OE/0Z
+E(QUJOX+OV/3Y) + (8W|0Y - 0U/JOZ
—OW/6X -8V [8Z)+2Ro WY

= (0%E/0X2 + 07E/0Y?)/Re — (Gro/Re?) X 26/0Y.
®

The equations of the transverse velocity com-
ponents (U, V) can be derived from the continuity,
equation (3), and the definition of axial vorticity :

BUJOX* + 62 UJoY? = BE[0Y —*W/OXZ (9)
B VIOX2+82V/0Y? = —OE/0X—0*W/OYOZ.  (10)

The overall mass flow rate at every axial location
must be balanced by satisfying

L+ (4912
J f wdxdY = (1+y)*/(4y)’ (11)
[} 0

and this equation can be used to deduce the axial
pressure gradient in equation (6).

In summary, the governing equations consist of
the axial momentum equation (6), the axial vorticity
equation (8), the transverse velocity components,
equation (9) and (10), and the thermal energy equa-
tion (7). This formulation is called the velocity-vor-
ticity method [36] and is parabolic—elliptic in nature.
The boundary conditions for this problem are given
by:

U=V=W=0 0=1 attheductwalls (12a)
W=1 U=V=¢(=0=0
at the entrance (Z = 0). (12b)

Following the usual definitions, the peripheral aver-
ages of friction parameter, f/ Re, and Nusselt number,
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Nu, can be expressed based on the axial velocity and
temperature gradients on the duct walls, viz.

f Re = 2@Wjon),, a3)
Nu = —(30,/61)/(1—0,) (14)

where the overbar means the peripheral average and
n denotes the dimensionless coordinate normal to the
duct wall. The bulk temperature 6, is defined as

(1 +9)/(2y) (M(1+7)/2
6, = j j OW X AY/[(1+7) /)],

(15)

Governing parameters

There are two geometry parameters, Z, and y, and
four flow/thermal parameters, Re, Ro, Gro, and Pr,
involved in the problem. To reduce the computational
efforts, the dimensionless distance from the inlet plane
to the axis of rotation is set to be zero, Z, = 0, and
the Prandtl number Pr = 0.7 for air is used in the
computations. Effects of the rest are investigated. The
rotation number Ro characterizes the Coriolis effect
or the relative significance of the Coriolis-induced sec-
ondary flow to the forced flow effects. The rotational
Grashof number Grg measures the importance of the
rotation-induced buoyancy effects. The cross-sec-
tional aspect-ratio, y, is the major geometry parameter
considered in the work. The flow characteristics,
especially the evolution of the secondary vortices, may
be significantly influenced by the change in aspect-
ratio. In the present study, the rotation number, Ro,
ranges from 0 to 0.1, the rotational Grashof number,
Gro, lies between —2 x 10* and 2 x 10%, the range of
the Reynolds numbers considered is 500 < Re < 2000,
and the ducts of y = 0.5, 1, and 2 are investigated.

METHOD OF SOLUTION

The vorticity—velocity method for three-dimen-
sional parabolic flow [36, 37] is employed for solution
of the present problem, in which the equations for the
unknowns U, V, W, £, 8 and dP/dZ are coupled. A
marching technique based on the DuFort-Frankel
scheme [19, 38] is developed for the solution of equa-
tions (6)-(10). The solution procedure is briefly stated
as follows and the details can be referred to ref. [19].
For any axial location, with the known values of U,
V and assigned (dP/dZ), the axial velocity W at the
current position is obtained from equation (6), with
the constraint of global continuity (11), to meet the
requirement of constant flow rate. With the known
values of U, V and W, the equations (7), and (8) for
# and ¢ subjected to the boundary conditions can be
solved by the DuFort-Frankel method. The elliptic-
type equations (9) and (10) are then solved for U
and V by iteration. The boundary vorticity can be
evaluated by using the expression proposed in equa-
tion [37]. Ateach axial location, iteration is performed
until the specified stopping criterion, viz.
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m+1

& = Max |97 m/Max ¢t <1070 (16)

is satisfied. In equation (16), ¢ may stand for U or
V, m is the number of iteration. The above solution
procedure is repeated at each cross plane from the
inlet to the downstream axial location of interest.

The grid-dependence test was performed before the
main course of the computations. The grids were
arranged to be uniform in the cross-sectional plane
but non-uniformly distributed in the axial direction
for the uneven variations of field properties in the
entrance region. The results reveal that the deviations
in Nu and fRe calculated with I (X-dir.) xJ(Y-
dir) =35x35 and 45x45 (AZ =0.01-0.05) are
always less than 3%. Furthermore, the deviations in
Nu and fRe calculated on the grids of
IxJ(AZ) = 35x35 (0.002-0.05) and 35 x 35 (0.01-
0.05) are all less than 1%. Accordingly, the com-
putations on the grid of I'x J(AZ) = 35x35 (0.01-
0.05) are considered to be sufficiently accurate. The
computations through the study are all performed on
the latter grid system.

RESULTS AND DISCUSSION

Comparisons with the previous results

As a partial verification of the computational pro-
cedure, the results were initially obtained for con-
vection heat transfer in a radially oriented rotating
rectangular duct with centrifugal buoyancy effect. Fig-
ure 2 shows the comparisons of the predicted results
with the numerical results [33] and experimental data
[31]. The present computations were performed for
the same flow configuration and at the same con-
ditions that shown in the experiment [31]. Further,
the buoyancy effect in each case was considered and
the calculations of the Nusselt number followed the
same definition as that in ref. [31]. The present pre-
dictions appear slightly higher than the predictions in
ref. [33] for the difference in axial distance Z; (shown
in Fig. 2). The numerical results in two studies agree
well, but both of them under-predict the measured
data and the deviation enhances with increasing Reyn-
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Fig. 2. Comparisons of the present vorticity-velocity solu-
tions with the previous numerical and experimental data.
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olds number. It is attributed to the uncertainties in
initial swirl and the turbulence level involved in the
experiments. Generally speaking, however, the
present predictions are in reasonable agreement with
the previous predictions [33].

Evolution of secondary vortices

Figure 3(a)—(c) depicts axial evolution of the cross-
flow at Re =1500 in a square duct (y =1) with
rotational parameters (Ro, Gry) = (0.05,1 x 10%),
0.1,1x10%, and (0.05, —2 x 10%), respectively. Each
vector is composed of the velocity components in the
x- and y-directions. In Fig. 3(a), near the entrance the
flow develops as a boundary layer type one, where all
the velocity vectors are directed toward the center of
the duct, see the cross-flow at Z = 0.208. As the fluid
moves downstream, the rotational effects become
important. A pair of counter-rotating primary vor-
tices are induced and circulate from the trailing
(X = 0) to leading (X = 1) walls along the side walls
(Y =0 and 1) and return from the leading to trailing
walls through the central core of the flow (Y = 0.5).
The letters T and L in all figures denote trailing and
leading walls, respectively. The vortex-pair con-
tinuously evolves downstream and a relatively weak
second vortex-pair forms near the trailing wall at
Z = 36.021in Fig 3(a). At Z = 40.00, an another weak
vortex-pair emerges near the corners as the third one.

Coriolis effects on the secondary flow pattern can
be illustrated by changing the rotation number to
a value of Ro = 0.1 based on the case in Fig. 3(a).
Comparison of the corresponding cross-flow patterns
in Fig. 3(a) and (b) reveals that, for the large Coriolis
effects in the latter, the vortex cores migrate toward
the side walls, accelerating the flows along the side
walls and decelerating the flow in the core region. As
the fluid reaches certain axial location, e.g. Z = 22.52,
a second pair of vertices emerges near the corners of
the trailing wall. As the flow marches downstream,
the second (near the corners) pair of vortices decay
and is wiped out by the primary vortices. Further
downstream, a pair of small counter-rotating vortices
is found near the centerline of the trailing wall, as the
cross-flow at Z = 27.54 shown in Fig. 3(b). This pair
of small vortices grows as the flow moves in the axial
direction.

To explore the thermal effect on the vortex
evolution, results of a buoyancy-assisted flow of
Grgq = —2 x 10* are plotted in Fig. 3(c) and compared
with the buoyancy-opposed solutions of Grg = 1 x 10*
in Fig. 3(a). Relatively, the buoyancy-assisting effect
enhances the strength of the primary vortices as well
as changing the position of the vortex cores.

The same phenomenon can be found for the ducts
of various aspect-ratios. Figure 4(a) and (b) shows
the cross-flow maps at Z = 40.00 under the influences
of various buoyancy effects in the rectangular ducts
of y = 0.5 and 2.0, respectively. By inspecting Figs.
4(a), 4(b), 3(a) and 3(c), it can be found that the
primary vortex cores migrate towards to the leading
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wall as the value of Gr, changes from 2x 10* to
—2 x 10%. The buoyancy effects alter the axial velocity
distribution, and through the link of the continuity
equation, influence the cross-flow.

Figure 5 presents secondary-flow patterns in duct
of y = 0.5 at high rotation rate, Ro = 0.1. Due to the
Coriolis force effect, the secondary vortices form near
the two side walls. At z =22.52, a tendency of the
second pair of vortices appears adjacent to the center
of the trailing wall. As the flow moves downstream,
the secondary pair of vortices becomes stronger, while
the cross-flow pattern still remains symmetric up to
the axial location of z = 31.51. At z = 36.02, the third
pair of vortices emerges at the trailing wall and the
second pair moves away from the symmetric plane.
Eventually, the cross-flow becomes asymmetric in this
situation of the high Coriolis effect. This Coriolis
instability phenomenon has also been reported in the
previous studies [17, 39].

Axial velocity and temperature distributions

The developing axial velocity profiles along the
centerline ¥ = 0.5 at various axial locations are shown
in Fig. 6. For the case of Re = 1500, Ro = 0.05 and
Grq = 1x 10* in Fig. 6(a), near the entrance, the vel-
ocity profile (curve A) is fairly uniform over the cross-
section. As the flow develops (curves B and C), the
velocity in the core region is accelerated due to the
entrance effect. Further downstream, the velocity pro-
file becomes distorted with the velocity peak moving
toward the trailing wall due to the secondary flow
effect. Finally, at Z = 40.00, the velocity profile forms
a skewed parabolic shape. It is also noted in Fig. 6(a)
that the axial velocity gradient and, therefore, the skin
friction on the trailing wall is larger than that on the
leading wall.

Comparing the cross-flow maps at Z = 4.51 and
Z =15.03 in Fig. 3(a), it is found that the velocity
vectors at the centerline Y = 0.5, where ¥ =0 and
dV/j0Y = 0, change remarkably in the X-direction, i.e.
large values of dU/0X. From continuity, one has
OW[0Z = dUJ/0X at Y = 0.5: therefore, large dU/0X
implies large axial velocity gradient, dW/0Z. Also,
from the cross-flow maps in Fig. 3(a), the center line
(Y=0.5) velocity vectors in the regions of
22.52 € Z < 40.00 present no significant change near
the leading wall (X = 1.0) and only slight changes
near the trailing wall (X = 0) due to evolution of the
secondary vortices. These are the reasons why the
velocity distributions at Z > 15.03 are so different
from the upstream ones and why the curves D, E and
F present a very similar shape in Fig. 6(a).

Figure 6(b) gives the axial velocity profiles at
Y=0.5for Ro=0.1, Grq=1x10% and y = 1. As
above, curves A—C show the developing velocities in
the entrance region. At Z = 15.03 (curve D), the axial
velocity is distorted and shows a similar trend to that
in Fig. 6(a). Further downstream, the axial velocity
peak moves toward the trailing wall (X = 0) as shown
in curves E-G. This is clearly due to the onset of



W.M. YAN and C. Y. SOONG

670

4
-2
b P Apran s P AN # L P = PR e -
Jmmannnans PN N L mmnsansres s v ssscpmam Y
NN s s s EAY
NN 0202200041070 NN
NI I TN N Fagnninesinetisresaigpgeed o
I LT I L} Forbgainanbrradsrsrtiapgge P=3
st nnogn ~ FpR e bR Y P
——:.:.Z::_._:.::.. o —J_:_...._.Z......::..J A
] .::.:::::::::_.~ RTINSO
TR O 1] Ny 1
SRR RN Yaornionionn il g
PR AR BEEEN T 0T AN
7 T TR S AR AN SO T TR
E it dds ._.{.://////U./ /u_vl\..r/ﬂh.i:::::.,.“\\.n L.m
C e T A
ooonts E P e i A
= [ <
PPN JRSS Y
2SI\ ¥
“\///{5... PPN
\Jﬁ:;.::..:.l:t\\/
e) L T R YRR IO I o
paeseseeeery by, o O IR R TP TY I o
il * . s-.::.... ey -
Wzl 6 e enengedit @
NN 27 N -t P By <]
. WA T 1 T T | | )
N/ BB VN T
A71HEE T AN N TR Y N
UASLAEFE89 81NN CLEBRA DAY
. e LA AR ER AR ARRRANNN S 47 - .......».a!l‘“m‘
cereiian S T I T T S ktee
Poae s s (\\\.:,i-::..,,..\\‘H‘..dflk
v . SN
NN AL “\‘/i:. sereeer :\\\x\vllﬂ/
AN st
\\/55::_...:22\\\\\\1/
- S ST T T I vt
b L T TN IR AT T I EN [c}
4 AR -
« TN NI I P>
n _..::_.::.::::::..
I SN Ry 1]
woll AR T O
AN ;nt::::::.::::Z-
RPN s A 40T IEEESAVANNSNNSS
e NN Kigaeseverrriin :1/4’15“
ITTIeeREe: W per e 4 04 4 18 3
b Ny PPN PP
P U PP L Y
y PRSI AN}
NN I ™ o
./{:rrr.:._w",{\\\s{\\) -\\!1/5!:_...:-\s\\\\\ﬂ/
N 1 S s NN L0011
SN s © SN R R s a L)
S O N T Y YT I O
o S I N T LT TN :
. NI I I N e
< SRR o
'] RN 1
5 4.:::..::.—:_._::5._
\ N N TN N
s oessftanyy NN
A 1 NN

—
«©
S’

7

e
-
. A
ISP
/ )
NN vesrsrfpe
o ﬁ.:_I::_..:.::::...
Au. ~..:_:..:..::::::.,‘
o~ e R e
[aV3 —‘--——-—..-..——-.-.-;-—_.—
I AL R T 2RSS A T
[N I ] e ststsppois TN
".._.:::::::::::." N Y
AR A
SINAR T S B2,
LW N
‘o \\\\\ " t.//// N
N\
Al [l
O g UL SRIR] o P nnnn e mr——
fmaganane s SR [ S— POSIPSPRTA S
NSNS Vs ea g 1Y [ PPN
Y T Focniireransnsavoriesiosraest
[T I I ITTERIATION ¢ PN Vv
gy S vecerstrninoinasianct
f:.::::::....::2} < Vorrraseraariessnannannin-!
:::.::::..:...::T. el Yeprassrsrsrssininnanringe!
..:::...:.:...::::., — Vopstirarsense s sianananiinne
..::-.Z:...::.:Z:... ] n_.:tlx X VN |
{:::..:::...Z::__.\ _,.::\\ 3 St
SRR, | Rl W ol L
. e
NSZZmmasw B AT \NIIHR
(—J‘u‘l\\\t:. i LITPITIREEN S TTITNNG
ppmmm s se SISOSMINMNIEL, AP
~—nrre USSR,
\)/tult/::\\\\‘\\\\l ‘.\\\\/ﬂ—
7w werespsrmit
Loy RIS
Wi, 21 —
‘41l
Vel “
wlu -
4111 "
AN TN
228881 EEEHBVANVAANNAY ] Saiearresesses ianntagege®
n\\\\\\‘::. .::.5411/:1“\ BTy Ve LI
SrsFIEOETEEE IV ARNANANNNNY N7 e TN
(\!\(_\\\\\\»: :5;1“”‘41\:4\ (s\:\\\\\\”\ /. /fzr;zL
eesseih e it -7
i AN A
oS
SRR ,»’/(-w ..i\.‘\\\sn\:ﬂ
< L
= eveseininaned
x\ifi..:\\iﬂ « TSIY LA
\ll'.!ll!/:.:\i ] Cehasbianergprt
% ,llﬂ o ChpppLet s iR
— T I T TN P Vg
A 71T ” . JNH:::::: e
\i j N pasaasr et AN

IR
‘ o # A= B L e NN
e s 0
SRR 1 RN

1

Z = 40.00

0

36.02

Z

(b)

Zz = 31.51

z=27.54

-1
0N
o
N
o Nt
N o g
L] 4 Rt Lt
N =N _f..t::::.::7:....
Neesrrrsaesn Mvcceseserariniianans 1
Nrccvvars Movcrsvrsserinininanassseasf
Nre e e Wmeeacirsitsonnssasanmmsst
IRNY |
e
- B
»\“‘.ln!i...:.. N P A 5 = = soverp—EAN
\\‘: e verny N ot s kY
TNy \ o 7
s\l (75,
r.:.::::::;::.; ) He 1
f\:::.::.:: 1S5 1 o _.J;
NI} . “estl
SoREERRL R EEE IV NS [Tel N2
ﬂ:::::::..:::11 - 4400
—(\ss::::.::.rrrrrIL\ M ~aphd
Sy VR TR T ST RANNNNNN g f\\\\\\
Jf\.tt::::.:::51& N sy 1911
{ LA
/217 1T NN
,lll“t\\\\\ FEaa
[V — RN
NSNS b
S M 1171 7~
A
\, ¢
:r ~ R
M ” bl
NI SHIANY i
/AT EHLEEREEATAANY
(I ]
(\\\\\l::....::Z/rr/‘
N
p s 2407 PBEEVE VRN
\ he S A —
Pees .-
77
7,
Q
<o
254
(=]
it
N

1

Z = 40.00

0

zZ = 36.02

51

zZ=31.

z=27.54

c)

(

=)
=
=]
It
()
-4
—_
o)
<
.
=)
=
X
—
it
&
S,
el
O.X
o
Iy
S
< I
.M -
B
mo
y
e
W
e
e
2E
-
W4’
T
g x
ul
FH
< o
£35

Fig. 3. Secondary flow maps



Simultaneously developing mixed convection 671

\

i
10
\.
\:

N ANN———r s aoa

"y

sl

N

¥

33z
S~=Z
§88322
Nt
u\h"—u“_
A et

T|: L
7

4772553
19272
Z7z:}
%X

[ A

RS

4

i

Fig. 4. Centrifugal buoyancy effects on cross-flow at Z = 40.00 for Re = 1500 and Ro = 0.05 in ducts of :
(a) y =0.5and (b) y = 2.0.

second pair of counter-rotating vortices near the
trailing wall.

In the case of Grq = —2x 10* shown in Fig. 6(c),
as compared with Fig. 6(a), the higher axial velocity
appears near the downstream leading wall (X' = 1)
due to the buoyancy-assisting effect there. Therefore,
to satisfy the global continuity, the velocity peak
reduces and moves off the trailing wall (X = 0),

In a typical case of square duct with Ro = 0.05
and Grq = 1x10% Fig. 7(a) shows the temperature
distributions in the X-direction in the plane of
Y =0.5. The temperature peaks lean toward the
trailing wall (X = 0.0) and the temperature gradients
are more pronounced than that at the leading wall
(X = 1.0), especially at the downstream locations
where the strong secondary vortices emerge. In the
plane of X = 0.5, see Fig. 7(b), the temperature dis-
tributions are symmetric with respect to Y = 0.5, cor-
responding to the symmetric flow pattern in the cross
plane.

Buoyancy effects are always closely related to the
temperature fields of the fluid flow. Temperature dis-
tributions on the planes of Y = 0.5and X =0.5fora

buoyancy-opposed flow at Re = 1500, Ro = 0.05 and
Grq = 1x 10* are shown in Fig. 7(a) and (b). To
explore the influences of centrifugal buoyancy, the 6-
distributions on the plane of Y = 0.5 for the cor-
responding buoyancy-free case (Gr, = 0) and a buoy-
ancy-assisting one (Grg = —2x 10% are plotted as
Fig. 7(c) and (d). In Fig. 7(b), it is seen that the 6-
distributions are symmetric with respect to the plane
of Y = 0.5. Compared with the buoyancy-free results
in Fig. 7(c), the counter-buoyancy effect of Gr, > 0
in Fig. 7(a) tends to sharpen the temperature curves
at the trailing wall. However, for Grg = —2x 10* in
Fig. 7(d), centrifugal buoyancy effects on temperature
distributions can be clearly shown in the downstream
portion of the duct, e.g. at Z = 31.51 and 40.00, where
the stronger centrifugal force appears. Examining 8-
curves at Z = 40.00 in Fig. 7(a), (c) and (d), the tem-
perature distribution for Grq = —2x10* is flatter
than that for the other two cases. The temperature
gradient, as well as the heat transfer rate, at the trailing
wall is relatively small, while that at the leading wall
is relatively large for Gro = —2x10* as compared
with the results for Grq = 0 and 1 x 10*.
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Evolution of the asymmetric secondary vortices in duct of y = 0.5 for Re = 1500, Ro = 0.10,

Gro = 1% 10%.

Coriolis effects on friction factors and heat transfer
rates

In Fig. 8, the axial variations of the peripheral aver-
ages, f Re and Nu; the trailing wall, leading wall and
the side wall friction factors, (f Re),, and Nusselt
numbers, Nu,, with the rotation number as a par-
ameter are plotted. It is clear that the rotational effects
are negligible up to a certain entry length Z. This axial
distance depends primarily on the magnitude of the
rotation number Ro. The greater the Ro, the shorter
the unaffected distance. In Fig. 8(a), each curve
branches out from the curve for purely forced con-
vection (i.e. Ro = 0), and, after reaching a local mini-
mum value, the curve goes up. The occurrence of the
first minimum in /' Re and Nu is due to the appearance
of the primary vortex pair. It is worth noting that, for
Ro = 0.075 and 0.1, oscillations in the variations of
f Re and Nu exist after the first local minimum. This
behavior is related to the emergence and decay of
the second pair of vortices near the trailing wall. In
addition, larger f Re and Nu result for a larger Ro due
to the stronger Coriolis force.

The variations of locally averaged f Re and Nu on
the trailing and leading walls are of interest. Figure
8(b) shows the effects of the rotation number Ro on
the f Re and Nu on the trailing and leading walls for
Gro=1x10* Re=1500 and y=1. Near the
entrance, the f Re and Nu on the leading wall fall
steeply. As flow moves downstream, f Re and Nu

gradually decrease and then level off. Furthermore, in
the Ro range considered, the changes in f Re and Nu
on the leading wall are relatively small as compared
with the Ro-dependence of f Re and Nu on the trailing
wall. The values of ' Re and Nu on the trailing walil
vary significantly with Ro. At low Ro (e.g.
Ro = 0.025), a sharp decrease in f Re and Nu is fol-
lowed by a moderate recovery. As Ro is increased
to Ro = 0.075, the curves of fRe and Nu become
oscillatory for Z > 20. The number and the amplitude
of this kind of oscillation have a tendency to increase
with Ro. These behaviors result from the generation
and disappearance of multiple pairs of vortices on the
trailing wall and their complex interaction, see e.g.
Fig. 3. Additionally, the local maximum moves
upstream as Ro increases, which implies that a prema-
ture Coriolis instability can be expected for high Ro.
Figure 8(c) reveals the locally averaged friction fac-
tor and heat transfer coefficient on the side walls.
Due to the symmetric flow in this case the boundary
parameters, f Re and Nu, for the two side walls are
the same. Comparing the results in Fig. 8(c) with 8(b),
it is found that the f Re and Nu on the side walls
appear higher than those on the leading wall but some-
what lower than those on the trailing wall. In addition,
oscillatory phenomena in f Re and Nu are also found
on the side walls for the curves of Ro = 0.5, 0.075 and
0.1. It is worth noting that the axial position of the
local minimum on the side wall in the curves of
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Ro =0.075 and 0.1 is the same as that of the local
maximum on the trailing wall. This is caused by the
emergence of a small pair of vortices near the trailing
wall, which diminishes the strength of the principal
pair of vortices and, as a result, reduces the f Re and
Nu on the side walls. After the generation of the small
vortex, the small vortex decays and is wiped out by
the principal vortex.

Centrifugal buoyancy effects on friction factors and
heat transfer rates

In a high rotation rate and/or a high wall-to-coolant
temperature difference in rotating elements, the cen-
trifugal force may play a very critical role in the flow
and heat transfer mechanisms. Hence, it is interesting
to examine the effect or centrifugal buoyancy on the
flow and heat transfer. Figure 9(a) shows the effects
of centrifugal buoyancy on the fRe and Nu for
Ro =0.05, Re = 1500 and y = 1. For Gry <0, the
buoyancy-assisting effects enhance the heat transfer
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X X

(¢) Gr,=0, Y=05 (@) 6ry=-2x10*, Y=05

Fig. 7. Flow temperature distributions in a square duct for

Re = 1500, Ro=0.05; (a) Gro=1x10% Y=0.5; (b)

Gra=1x10% X=0.5; (¢) Gro=0, Y=0.5; and (¢)
Gro= —2x10% Y =0.5.

rates, and the extent of enhancement in heat transfer
increases with the magnitude of Gr,. Note that the Nu-
curve for Grq = —2 x 10% drops drastically at Z = 32.
The axial evolution of the fluid temperature in Fig.
7(d) gives a clue for the Nu-variation. This reduction
in heat transfer rate is attributed to the uniformity
tendency and the rapid change in 8-distribution in
the region of Z > 30. The effects of the centrifugal
buoyancy force on the f Re are relatively more com-
plicated. Conversely, in a buoyancy-opposed flow
with Grg > 0, the axial variation of the heat transfer
rate is reduced.

For Z < 15 in Fig. 9(a), a larger f Re is noted for a
buoyancy-assisted flow (Gr, < 0). But for Z > 15, the
reverse trend can be found. For Gro = —2x 10%, the
uneven variation of f Re in the downstream portion
is closely related to the axial velocity development
presented in Fig. 6(c). It is noteworthy that the buoy-
ancy effects on the velocity field in the present three-
dimensional flow are rather different from that in a
two-dimensional case for the complexities of the
appearance of the secondary vortices in the former.
The oscillation in the Nu-curve for Gro = —2x 10* is
a consequence of migration of the primary vortex core.

Aspect-ratio effects on friction factors and heat transfer
rates

The effects of the duct aspect-ratio on the friction
factor and Nusselt number are also of interest. The
axial variations of f Re and Nu with Grg as a par-
ameter in the ducts of y = 0.5 and 2 are shown in Fig.
9(b) and (c), respectively. Comparing the results of
Fig. 9(a), (b) and (c) indicates that, within the range
of the aspect-ratio under consideration, smaller f Re



W.M. YAN and C. Y. SOONG

674

‘s[Tem
apis (9) pue !sjjem Fuiten; puv Juipes] oY1 (q) s[iem § Jo safesoar feaoydizad oy () : Jo siaquinu OSSN PUE SI0)DBJ UONOLY [BO0] SUOHBIIBA Sf) UO $199)J3 SO0 *§ "F1]

(@) () (®)

Wy

PIxE="0 || gy
0091 = o3
1=4

oS




675

Simultaneously developing mixed convection

T=4 ) pueigo=4(q) ‘] =4 (e):Josionpay w ‘ny pue ay f ‘saferose [erogyduad uo s109f9 Lourkong jeSnjinua) ‘6 g

(°) (q) ()

Z z Z
114 o¢ 02 01 0 oy 0 0g 01 0 oy 0¢ 0c o1 0




676 W. M. YAN and C. Y. SOONG

15 -
Re = 2000
Nu
1500

10 -
1000
500

5

0 S R ] P S
0 10 20 30 40

Z

Fig. 10. Forced flow effects on peripheral averages, f Re and
Nu, in a square duct for Ro = 0.05, Grq = 1 x 10%,

and Nu are noted for a system with a smaller aspect-
ratio (y = 0.5). This is owing to the fact that the rela-
tively weaker secondary motion is presented for aspect
ratio y = 0.5, which in turn causes a smaller enhance-
ment in f Re and Nu.

Reynolds number effects on friction factors and heat
transfer rates

Figure 10 shows the Reynolds number effects on
the variations of the peripheral averages of the friction
factor, fRe, and the heat transfer rate, Nu, for
Re = 1500, Ro =0.05, Grq=1x10* and y = 1. As
shown in Fig. 10, the large f Re and Nu are experienced
for a system with a higher Reynolds number due to a
large forced-convection effect. It is also found in the
separate computation run that the centrifugal buoy-
ancy effect diminishes with the increasing Re.

CONCLUSIONS

The flow and heat transfer characteristics in radially
rotating rectangular ducts with consideration of cen-
trifugal buoyancy have been studied numerically. A
relatively novel vorticity—velocity method successively
solved the three-dimensional parabolic governing
equations. The effects of Coriolis force, centrifugal
buoyancy and aspect-ratio on the flow and heat trans-
fer mechanisms are investigated in detail by examining
the local flow structure and temperature fields. What
follows is a brief summary.

1. The variations of the friction factor f Re and
Nusselt number Nu demonstrate that the total
rotational effects of Coriolis and centrifugal buoy-

ancy forces are negligible until the onset of the
secondary motion occurs at a certain axial location.
The axial distributions of f Re and Nu are char-
acterized by a decay near the entrance due to the
entrance effect ; but the decay is attenuated by the
onset of secondary flow. After reaching a first local
minimum, local maximums and minimums of f Re
and Nu may appear, corresponding to the emerg-
ence (growth) and disappearance (decay) of the
secondary vortices.

2. The Coriolis effect raises the peripherally averaged
friction factors and heat transfer rates. An increase
in rotation number Ro causes enhancements in f Re
and Nu on the trailing wall and their fluctuations
along the flow, moderate increases in f Re and Nu
on the side walls and degradation of f Re and Nu
on the leading wall.

3. Centrifugal buoyancy effects can alter the axial
velocity distribution and, through the coupling of
continuity, change the cross-flow patterns, includ-
ing the strength and core position of the secondary
vortices.

4. In general, the peripherally averaged Nusselt num-
ber Nu are decreased by a counter effect of cen-
trifugal buoyancy (Grq > 0). Conversely, the Nu
can be enhanced in the presence of the buoyancy-
assisting effect (Gry < 0)

S. Smaller /' Re and Nu are noted for a rectangular
duct with a smaller aspect-ratio (y = 0.5) due to
the relatively weaker secondary flows.

6. A strong forced flow can lead to increases in f Re
and Nu and weaken the relative importance of the
centrifugal buoyancy effects.
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